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Abstract 

Social choice theory has produced numerous impossibility theorems over 75 years: 
Arrow (1951), Gibbard-Satterthwaite (1973), Sen (1970), McKelvey (1976), and others. 
Each proves that certain combinations of desirable properties are impossible in voting 
systems. 

We demonstrate these impossibilities share a common architecture - and a 
common resolution. 

All assume: 

1. Fixed individual preferences 

2. Static aggregation mechanisms 

3. Single-shot or sequential decisions without deliberation 

We prove: When preferences crystallize dynamically through deliberation, entire class 
of impossibilities dissolves. 

The Crystallization Impossibility Principle: Social choice impossibilities that 
assume static preferences and mechanical aggregation do not apply to dynamic 
preference crystallization through negotiation. 
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Key contributions: 

1. Unified resolution of major impossibility theorems (Arrow, Gibbard-
Satterthwaite, Sen, McKelvey) 

2. Meta-theorem characterizing when impossibilities apply vs. dissolve 

3. Testable predictions about deliberative vs. non-deliberative institutions 

4. Design principles for democratic systems that avoid impossibilities 

5. Honest limitations - crystallization doesn't solve everything 

This completes the paradigm shift from static aggregation to dynamic 
crystallization in social choice theory. 

1. Introduction: A Pattern Across Impossibilities 

1.1 The Impossibility Theorems

Arrow's Impossibility (1951): No fair aggregation of fixed preferences exists 

Gibbard-Satterthwaite (1973): All non-dictatorial voting systems are manipulable 

Sen's Liberal Paradox (1970): Cannot satisfy both Pareto and minimal liberty 

McKelvey's Chaos Theorem (1976): Majority rule has no stable equilibrium in 
multi-dimensional space 

Each proves: Democratic social choice is impossible under certain conditions. 

Traditional response: Accept impossibility, or violate one desired property. 
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1.2 Our Thesis

These impossibilities share common architecture: 

All assume: 

• Preferences are fixed (don't evolve) 

• Aggregation is static (mechanical function) 

• Decisions are non-deliberative (no iterative negotiation) 

We show: Under dynamic preference crystallization, impossibilities dissolve 
because: 

• Preferences evolve through deliberation 

• Aggregation is negotiation (mutual influence) 

• Decisions crystallize through iteration 

Not violation of conditions. Not acceptance of impossibility. 

Recognition that impossibilities apply to wrong model of social choice. 

1.3 Building on Arrow Resolution

In companion paper ("Preference Crystallization: Resolving Arrow's Impossibility"), we 
showed Arrow's theorem dissolves under crystallization. 

This paper extends that result: 
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Shows entire class of impossibilities dissolves under same framework. 

Provides unified theory explaining when impossibilities apply vs. when they don't. 

Offers design principles for institutions that avoid impossibilities. 

2. The Crystallization Framework (Summary) 

2.1 Individuals as Coalitions

Individual i = coalition Cᵢ of sub-selves with dynamic weights wⱼᵢ(t) 

Expressed preference: Eᵢ(t) = Σⱼ wⱼᵢ(t) · Pⱼᵢ 

Weights evolve through: 

• Information sharing 

• Social feedback 

• Meta-reflection 

• Experience 

2.2 Social Choice as Crystallization

Not: F(O₁, O₂, ..., Oₙ) → Social Choice (static aggregation) 

But: E(0) → deliberation → E(1) → ... → E* → Social Choice (dynamic 
crystallization) 

Social choice emerges at equilibrium E* where preferences stabilize. 

2.3 Key Properties
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Convergence: Under reasonable conditions, crystallization reaches stable point E* 

Path-dependence: Final outcome depends on deliberation process, not just initial 
preferences 

Principle-emergence: Meta-preferences can crystallize around governing principles 

3. Resolution of Individual Impossibilities 

3.1 Arrow's Impossibility (Detailed)

Theorem (Arrow 1951): No social welfare function satisfies Pareto + IIA + Non-
dictatorship + Unrestricted Domain 

Why it dissolves: 

Arrow assumes static function F operating on fixed preferences. 

Crystallization has no such function - social choice emerges from iterative negotiation 
where preferences themselves evolve. 

At crystallization point E*: 

• Pareto satisfied (unanimous stable preferences respected) 

• IIA satisfied (for truly irrelevant alternatives) 

• Non-dictatorship satisfied (outcome from collective negotiation) 

• Unrestricted Domain satisfied (any initial preferences can crystallize) 

No contradiction - different mathematical structures. 

(Full development in companion paper) 
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3.2 Gibbard-Satterthwaite Theorem

Theorem (1973): All non-dictatorial voting rules with ≥3 outcomes are manipulable 
through strategic misrepresentation. 

Standard interpretation: Strategic voting is inevitable in democracy. 

Resolution through Crystallization: 

Theorem 3.1 (Strategic Manipulation Under Crystallization): 

In crystallization framework with transparency and iteration, strategic 
misrepresentation is not advantageous when: 

1. Preferences are expressed with reasoning 

2. Multiple rounds allow detection of inconsistency 

3. Trust affects future influence 

4. Coalition weights respond to others' transparency 

Proof: 

Assume voter i attempts strategic misrepresentation. 

Round 1: i expresses P'ᵢ ≠ true preference Pᵢ 

Subsequent rounds: i must either: 

(A) Maintain false preference: 

• Reasoning becomes inconsistent across rounds 

• Others detect manipulation 
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• Trust in i decreases: δᵢ(trust) < 0 

• Future influence decreases: Influence(i, future) ∝ Trust(i) 

• Net harm to i's long-term outcomes 

(B) Reveal true preference: 

• Strategic behavior exposed immediately 

• Trust destroyed: Trust(i) → 0 

• Worse than honest expression from start 

Therefore: Expected utility from strategic misrepresentation < Expected utility from 
honest expression ∎ 

Why Gibbard-Satterthwaite doesn't apply: 

G-S assumes: 

• Single-shot voting 

• Private preferences 

• Simultaneous revelation 

• Fixed preferences 

Crystallization has: 

• Iterative deliberation 

• Public reasoning 

• Sequential revelation 

• Dynamic preferences 
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Strategic manipulation requires hiding true preferences and fixing others' 
responses. 

Crystallization makes both impossible. 

Empirical support: 

Strategic voting is: 

• Common in elections (single-shot, secret ballot) ✓ 

• Rare in deliberative assemblies (iterative, transparent) ✓ 

This pattern validates crystallization framework. 

Important caveat: 

Resolution requires: 

• Multiple rounds (iteration) 

• Transparency (public reasoning) 

• Repeated interaction (trust matters) 

For single-shot secret ballot: Gibbard-Satterthwaite still applies. 

So crystallization doesn't eliminate strategic voting universally - only in 
deliberative contexts. 

3.3 Sen's Liberal Paradox

The Crystallization Impossibility Principle Page  of 8 30

mailto:raja@elseborn.ai


Confidential academic draft — not for redistribution. raja@elseborn.ai

Theorem (Sen 1970): No social choice rule satisfies both Pareto and Minimal 
Liberalism. 

Example: Two people, one book 

Person A (prude): No one reads > A reads > B reads Person B (libertine): A reads > B 
reads > No one reads 

By Pareto: A reads > No one reads (following chain)  
By Liberalism: No one reads > A reads (A's domain) 

Contradiction. 

Sen's conclusion: Can't have both Pareto and individual liberty. 

Resolution through Crystallization: 

The paradox assumes preferences over others' personal choices are fixed. 

Through deliberation: 

Round 1: Initial preferences expressed 

Round 2: Meta-preferences activate 

• A's meta-coalition: "Individuals should control their own reading" 

• B's meta-coalition: "Individuals should control their own reading" 

Round 3: Coalition weights shift 

• A's paternalism-coalition weight decreases 

• B's liberty-coalition weight increases 
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• Both defer to each other's domains 

Round 4: Preferences crystallize 

• A: Decisive over own reading (doesn't read) 

• A: Defers on B's reading (respects B's choice) 

• B: Decisive over own reading (reads) 

• B: Defers on A's reading (respects A's choice) 

Social outcome: 

• A doesn't read (A's choice) 

• B reads (B's choice) 

• No conflict between Pareto and Liberalism 

Why this works: 

Crystallization enables: 

• Meta-preferences about decision rights to activate 

• Coalition weights to shift toward respecting domains 

• Preferences to restructure around liberty principle 

Formal statement: 

Theorem 3.2 (Sen's Paradox Resolution): 
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When individuals have meta-preferences valuing liberty, crystallization leads 
preferences to converge toward: 

• Self-determination in personal domains 

• Deference in others' domains 

At this equilibrium, no conflict between Pareto and Liberalism. ∎ 

Important limitation: 

This requires individuals to HAVE meta-preferences about liberty. 

If person A genuinely, deeply cares about B's reading (no meta-preference 
overrides this): 

Then paradox may remain. 

Crystallization works when: 

• Meta-preferences exist 

• Can be activated through deliberation 

• Have sufficient weight to override paternalistic preferences 

It doesn't work when: 

• Deep value conflicts have no meta-level resolution 

• Paternalistic preferences are terminal values 

This is important honesty - crystallization isn't universal solver. 
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3.4 McKelvey's Chaos Theorem

Theorem (McKelvey 1976): In multi-dimensional policy space with majority rule, an 
agenda-setter can move policy anywhere through sequence of votes. 

Example: Policy space (Education spending, Defense spending) 

Three voters with different ideal points scattered in space. 

McKelvey proves: Starting from ANY point, can reach ANY other point via pairwise 
majority votes. 

Implication: Majority rule is chaotic - agenda control = outcome control. 

Resolution through Crystallization: 

McKelvey assumes: 

• Fixed ideal points in policy space 

• Sequence of position votes 

• No deliberation on principles 

Crystallization framework: 

Voters don't vote on positions directly - they deliberate on principles. 

Round 1: Agenda-setter proposes sequence A → B → C... 

Round 2: Deliberation 

• "Why are we moving to B?" 

• "What's the overall goal?" 

The Crystallization Impossibility Principle Page  of 12 30

mailto:raja@elseborn.ai


Confidential academic draft — not for redistribution. raja@elseborn.ai

• "This seems like manipulation" 

Round 3: Meta-preferences activate 

• Fairness-coalition: "Process seems rigged" 

• Coherence-coalition: "We're cycling" 

• Goal-coalition: "What are we actually trying to achieve?" 

Round 4: Shift from position-voting to principle-deliberation 

Instead of: "Vote on (Ed=$100B, Def=$50B) vs. (Ed=$90B, Def=$60B)" 

Deliberate on: "What principle should guide our education vs. defense trade-off?" 

Round 5: Crystallize around principle 

Possible principles: 

• "Equal weighting of education and security" 

• "Prioritize whichever is currently weaker" 

• "70% weight to economic, 30% to security" 

Round 6: Once principle crystallizes, positions follow deterministically 

• Unique equilibrium (or small set) 

• No cycling 

• No agenda manipulation 
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Why this works: 

Chaos emerges from voting on infinite-dimensional position space. 

Crystallization shifts to finite-dimensional principle space. 

Position space: Infinite points, no stability, chaos 

Principle space: Finite principles, stable convergence, order 

Theorem 3.3 (McKelvey Resolution): 

When deliberation focuses on principles rather than positions, preferences crystallize 
around: 

1. Meta-level principles for trade-offs 

2. Fair process agreement 

3. Coherence preference over cycling 

These crystallized principles determine unique policy position (or small set), eliminating 
chaos. ∎ 

Empirical validation: 

Legislatures that deliberate on principles: 

• Reach stable policies 

• Show less cycling 

• Resist agenda manipulation 
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Legislatures that vote on positions without principle deliberation: 

• Show instability 

• Cycle more 

• Vulnerable to agenda control 
This pattern supports crystallization framework. 

3.5 Condorcet Jury Theorem Limitations

Theorem (Condorcet 1785): If voters independently estimate truth with >50% 
accuracy, majority is more accurate than individuals. 

But: Requires independence. Deliberation violates independence. 

Tension: 

• Deliberation good (shares information) 

• But violates independence (needed for accuracy improvement) 

Crystallization Resolution: 

The tension is false - depends on what crystallizes. 

Accuracy improves when crystallization is truth-tracking: 

• Information-coalitions dominate 

• Evidence updates weights 

• Errors corrected through exchange 

• Meta-preference for accuracy activated 
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Accuracy degrades when crystallization is conformity-driven: 

• Social-coalitions dominate 

• Popularity updates weights 

• Errors amplified through herding 

• Meta-preference for harmony overrides accuracy 

Theorem 3.4 (Jury Theorem Under Crystallization): 

Deliberative crystallization improves on independent Condorcet Jury when: 

1. Information-sharing is structured (not just social influence) 

2. Dissent is protected (non-conformity rewarded) 

3. Meta-preferences for accuracy are activated 

4. Coalition weights respond to evidence, not popularity 

Under these conditions, deliberative accuracy > independent voting accuracy ∎ 

Design implications: 

Good deliberation structures: 

• Separate information-sharing from voting 

• Reward dissenting views 

• Make evidence salient 

• Activate truth-seeking meta-preferences 

Bad deliberation structures: 
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• Mix social influence with information 

• Punish dissent 

• Make popularity salient 

• Activate harmony-seeking meta-preferences 

This explains empirical variation in deliberative accuracy. 

4. The Meta-Theorem 
4.1 General Pattern

All impossibility theorems examined share structure: 

Assumptions: 

• Fixed preferences (don't evolve) 

• Static aggregation (mechanical function) 

• Single-shot or sequential non-deliberative process 

Conclusion: Certain desirable properties are incompatible 

Resolution pattern: 

When preferences crystallize through deliberation: 

• Preferences evolve (not fixed) 

• Aggregation is negotiation (not mechanical) 

• Process is iterative (not single-shot) 
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Impossibilities dissolve (desirable properties become compatible) 

4.2 The Crystallization Impossibility Principle

Theorem 4.1 (Crystallization Impossibility Principle): 

Let T be an impossibility theorem in social choice theory proving properties {P₁, P₂, ..., 
Pₙ} are incompatible. 

If T assumes: 

1. Fixed preference profile O = (O₁, ..., Oₘ) 

2. Static aggregation function F: O → Social Choice 

3. Single-shot or non-deliberative process 

Then T does not apply to dynamic crystallization process where: 

1. Preferences E(t) evolve through coalition weight dynamics 

2. Social choice emerges from negotiation equilibrium E* 

3. Iterative deliberation enables convergence 

At crystallization equilibrium E*, properties {P₁, ..., Pₙ} can be satisfied 
simultaneously. ∎ 

Corollary 4.1: Static impossibilities ≠ Dynamic impossibilities 

Corollary 4.2: Democratic social choice is possible under crystallization, even when 
impossible under static aggregation 

4.3 When Crystallization Doesn't Resolve
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Important limitations - crystallization is not panacea: 

Crystallization fails or is slow when: 

1. Deep value conflicts with no meta-level resolution 

Example: Pro-life vs. pro-choice 

• Both positions held as terminal values 

• No meta-preference overrides 

• Crystallization may reach multiple equilibria (polarization) 

2. Insufficient deliberation time 

• Process truncated before convergence 

• Cycles remain 

• Dissatisfaction high 

3. Bad faith participation 

• Strategic manipulation despite transparency 

• Refusal to update based on information 

• Gaming the crystallization process 

4. Power imbalances 

• Dominant voices suppress others 

• Coalitions can't equilibrate fairly 
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• Crystallization biased 

5. Missing meta-preferences 

• If individuals lack meta-preferences about liberty, fairness, truth 

• No higher-level principles to crystallize around 

• Object-level conflicts remain 

Honest assessment: 

Crystallization resolves impossibilities WHEN: 

• ✓ Meta-preferences exist and can activate 

• ✓ Sufficient deliberation time 

• ✓ Good faith participation 

• ✓ Fair power distribution 

• ✓ Preferences CAN evolve (not all terminal values) 

It doesn't resolve WHEN: 

• ✗ Fundamental value incompatibility 

• ✗ No meta-level principles available 

• ✗ Structural barriers to deliberation 

In these cases, need other mechanisms: 

• Constitutional rules 
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• Authority delegation 

• Majority vote as last resort 

• Procedural agreement even when substantive agreement impossible 

5. Empirical Predictions 
5.1 Comparative Institutional Analysis

Prediction 5.1: Institutions differ systematically in impossibility manifestation 

Test: Systematic data collection across institution types 

5.2 Deliberation Time Effects

Prediction 5.2: Impossibility frequency inversely correlates with deliberation time 

Quantitative: 

• <10 minutes: High cycling, high strategic voting 

• 30-60 minutes: Moderate reduction 

• 2+ hours: Substantial reduction (factor of 3-5x) 
Test: Experimental manipulation of deliberation duration 

5.3 Transparency Effects

Institution Type Deliberation Arrow Paradox Strategic Voting Chaos

Elections (single-shot) Low Present High N/A

Referenda Low Present High Possible

Legislatures (partisan) Medium Reduced Medium Present

Deliberative assemblies High Rare Low Rare

Consensus conferences High Absent Absent Absent
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Prediction 5.3: Strategic voting frequency: 

Secret ballot > Recorded vote > Public deliberation + vote 

Expected effect sizes: 

• Secret → Recorded: 30% reduction 

• Recorded → Public deliberation: 60% reduction 

5.4 Meta-Preference Activation

Prediction 5.4: Interventions activating meta-preferences reduce impossibilities 

Interventions: 

• Explicitly discuss fairness principles 

• Remind of liberty values 

• Activate accuracy-seeking mindsets 

Expected outcome: 40-60% reduction in paradox frequency 

6. Design Principles for Democratic Institutions 
6.1 Enabling Crystallization

To avoid impossibilities, design institutions that: 

1. Enable iteration 

• Multiple rounds of expression 

• Preference updates allowed 
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• Convergence tracking 

2. Facilitate information sharing 

• Structured discussion before voting 

• Reasoning made explicit 

• Evidence presented 

3. Activate meta-preferences 

• Explicitly discuss principles 

• Frame around fairness, liberty, accuracy 

• Encourage meta-level thinking 

4. Ensure transparency 

• Public reasoning 

• Recorded deliberation 

• Accountability for consistency 
5. Protect deliberation time 

• Allocate sufficient time (45-90 minutes for small groups) 

• Don't rush to vote 

• Allow crystallization to complete 

6.2 Institutional Reforms

For elections: 
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• Add deliberation before voting (citizens' assemblies) 

• Make reasoning public (candidate justification requirements) 

• Enable iteration (multiple rounds, runoff systems) 

For legislatures: 

• Strengthen committee deliberation 

• Require principle articulation before position votes 

• Protect minority expression 

For organizations: 

• Replace immediate votes with deliberation → crystallization → vote 

• Make reasoning transparent 

• Track preference evolution 

6.3 AI Governance Applications

For multi-agent AI systems: 

• Build crystallization mechanisms (not just voting) 

• Enable preference evolution through information exchange 

• Design for meta-preference activation 

• Avoid static aggregation impossibilities 

For human-AI collective intelligence: 

• Hybrid deliberation (humans + AI negotiating) 
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• Preference crystallization across species 

• Meta-level principle agreement 

• New form of democratic governance 

7. Comparison to Existing Approaches 
7.1 vs. Accepting Impossibility

Standard response: "Social choice is impossible, democracy is flawed, muddle 
through" 

Our response: "Static social choice is impossible, dynamic crystallization works" 

Advantage: Preserves democratic ideals while acknowledging formal results 

7.2 vs. Relaxing Conditions

Standard approach: "Violate one of Arrow's conditions" (accept dictatorship, restrict 
domain, etc.) 

Our approach: "Recognize conditions apply to wrong model" 

Advantage: Satisfy all desirable conditions (at equilibrium) without violation 

7.3 vs. Mechanism Design

Mechanism design: "Design rules that incentivize desired behavior" 

Our approach: "Enable crystallization that naturally produces desired outcomes" 

Relationship: Complementary - mechanism design can facilitate crystallization 
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8. Theoretical Implications 
8.1 Ontology of Preferences

Traditional: Preferences are primitive, fixed individual properties 

Crystallization: Preferences are emergent, dynamic coalition negotiation outputs 

This is fundamental shift - preferences aren't discovered, they're crystallized 

8.2 Democracy as Process, Not Mechanism

Traditional: Democracy = aggregation mechanism applied to fixed preferences 

Crystallization: Democracy = process of collective preference formation through 
deliberation 

Will of the people isn't: 

• Pre-existing fact to discover 

• Aggregate of fixed preferences 

Will of the people is: 

• Emergent from deliberation 

• Crystallized through negotiation 

• Process-dependent, not input-determined 

8.3 Rationality Reconsidered

Individual rationality: Not fixed coherent preferences, but functional crystallization 
process 
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Collective rationality: Not aggregation of individual rationalities, but emergent from 
collective crystallization 

Both possible - just not in static framework 

9. Future Directions 
9.1 Theoretical Extensions

Open questions: 

Q1: Can we characterize complete class of impossibilities that dissolve? 

Q2: What are necessary/sufficient conditions for crystallization to resolve specific 
impossibility? 

Q3: How do we formalize "meta-preference" rigorously? 

Q4: What's relationship between crystallization and game-theoretic solution concepts? 

9.2 Empirical Research Program

Needed studies: 

1. Large-scale comparative institutional analysis 

• Track impossibility frequency across institution types 

• Control for issue domains, stakes, etc. 

2. Experimental manipulation studies 

• Vary deliberation time systematically 

• Test meta-preference activation interventions 
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• Measure crystallization dynamics 

3. Longitudinal studies 

• Track preference evolution in deliberative bodies 

• Identify crystallization patterns 

• Predict when crystallization succeeds vs. fails 

9.3 Applied Development

Practical applications: 

1. Democratic innovation 

• Design new institutions based on crystallization principles 

• Test in cities, states, nations 

2. AI governance 

• Build multi-agent systems with crystallization mechanisms 

• Human-AI hybrid deliberation platforms 

3. Organizational improvement 

• Corporate governance reforms 

• Better committee processes 

• Enhanced collective decision-making 
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10. Conclusion 
We have demonstrated that major impossibility theorems in social choice theory 
(Arrow, Gibbard-Satterthwaite, Sen, McKelvey) share common architecture and 
common resolution through dynamic preference crystallization. 

The Crystallization Impossibility Principle: 

Static impossibilities dissolve under dynamic crystallization when preferences evolve 
through deliberation, aggregation is negotiation, and iteration enables convergence. 

Key achievements: 

1. Unified resolution of multiple impossibility theorems under single framework 

2. Meta-theorem characterizing when impossibilities apply vs. dissolve 

3. Empirical predictions testable across institutions 

4. Design principles for avoiding impossibilities 

5. Honest limitations acknowledging when crystallization doesn't resolve 

This completes paradigm shift: 

From: Static aggregation of fixed preferences (impossible) 

To: Dynamic crystallization through deliberation (possible) 

Implications: 

For social choice theory: Need dynamic models, not just static functions 

For democratic theory: Democracy works (when modeled correctly) 

For institutional design: Enable crystallization to avoid impossibilities 
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For AI governance: Build crystallization mechanisms, not just voting 

The deepest insight: 

Democratic social choice isn't impossible. We were just analyzing the wrong 
model. When we model social choice as it actually works - through 
deliberation, negotiation, and crystallization - the impossibilities dissolve. 

75 years of paradoxes resolved through recognizing: preferences aren't 
inputs to aggregate, they're outputs that crystallize. 
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