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Abstract

Arrow's Impossibility Theorem (1951) proves that no voting system can simultaneously
satisfy basic fairness conditions when aggregating fixed individual preferences. For 75
years, this has been interpreted as showing fundamental incoherence in democratic
social choice.

We demonstrate this interpretation is wrong.

Arrow's theorem applies to static preference aggregation - but real social choice
involves dynamic preference crystallization through negotiation between
multiplicities. When we model individuals as coalitions (not unitary agents) and social
choice as iterative negotiation (not mechanical aggregation), the impossibility dissolves.

Key contributions:

1. Formal model of preference crystallization: Preferences evolve through
social interaction via coalition weight dynamics

2. Resolution of Arrow's paradox: Impossibility holds for wrong model (static
aggregation) but not for correct model (dynamic crystallization)

3. Explanation of Condorcet cycles: Cycles are transient states during
negotiation, not permanent incoherence
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4. Convergence analysis: Conditions under which crystallization is guaranteed
to reach stable equilibrium

5. Empirical support: Existing deliberative democracy data validates
crystallization predictions

6. Testable predictions: Deliberation reduces cycling, increases stability,
improves satisfaction

7. Applications: Voting system design, Al value alignment, multi-agent
coordination, organizational governance

Unlike existing approaches (relaxing Arrow's conditions or accepting impossibility),
we show the paradox dissolves when preferences are modeled correctly as dynamic,
negotiated patterns rather than fixed inputs.

1. Introduction: 75 Years of Impossibility

1.1 Arrow's Theorem

Kenneth Arrow (1951): Any social choice function satisfying these conditions is
impossible:

1. Unrestricted Domain (UD): Function handles all possible preference profiles
2. Pareto Efficiency (PE): If everyone prefers A to B, society prefers A to B

3. Independence of Irrelevant Alternatives (ITA): Social preference between
A and B depends only on individual preferences between A and B

4. Non-Dictatorship (ND): No single individual determines all social choices

Arrow proved: No aggregation function satisfies all four simultaneously.
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1.2 The Condorcet Paradox

Earlier example (Condorcet 1785):
Three voters, three options:

. Voter1: A>B>C
. Voter2: B>C> A
« Voter3:C>A>B

Majority preferences:

«  Abeats B (voters 1,3)
«  Bbeats C (voters 1,2)

«  Chbeats A (voters 2,3)

Society has intransitive cycle: A>B>C > A
No stable winner exists.

1.3 Standard Interpretations

For 75 years, the consensus has been:

Pessimistic: Fair democratic aggregation is impossible; democracy is incoherent
Pragmatic: Accept imperfect systems, muddle through

Technical: Relax one condition (e.g., allow dictatorship, violate ITA, restrict domain)

All accept: The impossibility is fundamental and inescapable

Preference Crystallization Page 3 of 31


mailto:raja@elseborn.ai

Confidential academic draft — not for redistribution. raja@elseborn.ai

1.4 Our Thesis

The impossibility is real but irrelevant.

Arrow's theorem correctly proves that static preference aggregation satisfying all
fairness conditions is impossible.

But real social choice doesn't work through static aggregation.
Real social choice works through:

«  Dynamic preference formation
+  Negotiation between multiplicities
«  Iterative crystallization

. Feedback between individual and collective

In this correct model: Paradoxes are transient (during negotiation), not permanent.
Stable social choice emerges through crystallization process.

Analogy: Arrow proved you can't compute V(-1) with real numbers. True but beside the
point - you need complex numbers. Similarly, you can't aggregate fixed preferences
fairly - true but beside the point, because preferences aren't fixed.

2. The Multiplicity Model of Individuals

2.1 Individuals as Coalitions

Traditional model: Individual i has complete, transitive preference ordering O;
Multiplicity model: Individual i is coalition C; = {c1;, ¢2,, ..., c&} where:

e Each ¢ is sub-coalition (sub-self) with own preferences
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e Sub-coalitions have varying weights: wli(t), w2(t), ..., wk(t)
e X wi(t) = 1 (weights sum to unity at each time)

« Individual's expressed preference is weighted combination of sub-coalition
preferences

Example: Restaurant choice

Alice is coalition:

«  Novelty-seeking-Alice (wants new experiences): w1 = 0.4
+  Comfort-seeking-Alice (wants familiar food): w2 = 0.3
«  Social-Alice (wants group harmony): ws = 0.3

Her "preference" for Italian vs. Chinese depends on:

»  Which coalitions are currently activated
¢ Recent experiences (just had Italian — comfort-seeking weight decreases)

»  Social context (others prefer Chinese — social-Alice weight increases)

Not fixed ordering, but dynamic weighted negotiation.

2.2 Preference as Coalition Negotiation Output

Definition 2.1 (Expressed Preference):

Individual i's expressed preference at time t:

Ei(t) = X; wii(t) - Pj;
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Where:

e Pi = sub-coalition j's preference function
¢ wi(t) = sub-coalition j's weight at time t

e Ei(t) = observable preference individual expresses

Key insight: Ei(t) is not fixed. It evolves as weights shift through:

. Information
+  Experience
. Social interaction

. Meta-level reflection

2.3 Weight Evolution Through Social Interaction

Definition 2.2 (Coalition Weight Dynamics):

wii(t+1) = wii(t) + Awj;

Where Awi; depends on:

a - Information(t): New facts shift weights

¢ "Chinese restaurant got bad review" — novelty-seeking weight decreases

B - Social__Feedback(t): Others' preferences influence weights

e "Bob really wants Chinese" — social-Alice weight increases
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y - Outcome_ Experience(t): Past choices affect future weights

«  "Last time I followed group, enjoyed it" — social-Alice weight increases

6 - Meta_ Reflection(t): Conscious deliberation shifts weights

"I always defer to others, want to express preferences more" — social-Alice
weight decreases

Constraint: X ; wi(t) = 1 for all t (normalization maintained)

Weight redistribution mechanism: When coalition j increases, other coalitions
decrease proportionally:

wh(t+1) = wki(t) - (1 - Awiy) / (1 - wii(t)) fork #j

This ensures weight conservation while allowing dynamic shifts.

2.4 Why This Matters for Arrow

Arrow's model assumes:

Individual i has preference O; that is:

e Complete (can compare any two options)
e  Transitive (if A>B and B>C, then A>C)

e Fixed (doesn't change during aggregation)
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Our model shows:
Individual i has expressed preference Ei(t) that is:

e Based on coalition negotiation
e  Changes through social interaction

e Dynamic (evolves during aggregation process)

This fundamentally changes the problem.
Arrow's impossibility assumes: F(O1, O2, ..., O,) — Social Choice

Reality is: Iterative process where preferences and social choice co-evolve.

3. The Crystallization Model of Social Choice

3.1 Social Choice as Iterative Negotiation

Traditional model:

Fixed preferences - Aggregation mechanism - Social choice
(inputs) (function) (output)
Crystallization model:

Initial preferences E(0) -
.
Interaction/deliberation -
.
Preferences shift E(1) -
.
More interaction -
.
Preferences shift E(2) -
.
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Crystallization -» Stable preferences Ex - Social choice
Social choice isn't output of aggregation function.

Social choice is crystallized equilibrium of negotiation process.

3.2 Formal Model of Crystallization Process

Definition 3.1 (Social Negotiation Dynamics):

At each round t of deliberation:

1.

Individuals express preferences: E(t) for all i

Information sharing: Individuals learn others' preferences, reasons,
constraints

Coalition weights update according to Def 2.2
New preferences emerge: E(t+1) = 2 wi(t+1) - P

Convergence check: If | |[E(t+1) - E(t)|| < € for all i, crystallization achieved

Definition 3.2 (Crystallization Point):

System reaches crystallization E* when:

Individual preferences stabilize: | |Ei(t+1) - Ei(t)|| < e for all i
Social choice emerges from stable preference configuration

Further deliberation doesn't shift preferences significantly

3.3 Why Condorcet Cycles Dissolve

The paradox:
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Starting preferences:

. Alice: A>B>C
. Bob:B>C> A
. Carol: C>A>B

Pairwise majority: A>B>C>A (cycle)

But through negotiation:

Round 1: Pure preferences expressed, cycle exists

Round 2: Information sharing

e Alice: "I prefer A but I'm flexible"
«  Bob: "I strongly oppose C for health reasons"

«  Carol: "I had C for lunch anyway"

Round 3: Coalition weights shift

«  Alice's social-coalition increases (recognizes flexibility opportunity)
e Carol's recent-experience-coalition activates (just had C — C less attractive)

+  Bob's intensity signal amplifies his preference

Round 4: New expressed preferences

«  Alice: A > B > C (but weakened A preference due to social-coalition)

«  Bob: B > A > C (strong anti-C maintains)
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« Carol: A> B > C (Cdropped due to recent consumption)

New pairwise majority: A > B > C (transitive!)

Cycle broken through negotiation.

3.4 Mechanisms of Cycle Resolution

How do cycles dissolve? Multiple pathways:

1. Information Integration

«  New facts become salient: "Restaurant A closes early"

« Infeasible options eliminated, cycle broken

2. Intensity Recognition

«  Discovering strength: "Bob has allergy to C"

e Others defer to strong constraint

3. Social Bonding

«  Care about others' satisfaction: "I want Bob happy"

«  Weight shifts toward accommodating others

4. Meta-Preference Activation

«  Preference for agreement: "I prefer consensus over my first choice"

»  Meta-level overrides object-level cycle

Preference Crystallization
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5. Temporal Discounting

«  Recent experiences: "Just had C for lunch"

«  Current state shifts preferences away from recently experienced

All shift coalition weights — expressed preferences evolve — cycle resolves.

4. Convergence Analysis

4.1 Conditions for Crystallization

Theorem 4.1 (Existence of Crystallization Point):
A crystallization point E* exists if:

1. Bounded preference space: Preferences lie in compact set

2. Continuous weight updates: Awi is continuous function of information,
social feedback

3. Monotonic information accumulation: No information is lost between
rounds

4. Finite alternatives: Choice set is finite
Proof sketch:
Consider the preference profile mapping: ®: E(t) — E(t+1)

By Brouwer's fixed point theorem, continuous mapping from compact convex set to
itself has fixed point.

E(1) lies in simplex (convex, compact).
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@ is continuous (by assumption 2).

Therefore fixed point E exists where ®(E) = E***

This is the crystallization point. s

Full proof: See Appendix A

4.2 Convergence Rate

Theorem 4.2 (Convergence to Crystallization):

Under conditions of Theorem 4.1, if weight update function is contractive (| |®(E1) -
®(E2)|| < A||E1 - E2|| for A < 1), then:

||ECY) - E|| < 4+ ||E(0) - E]|

Convergence is exponential with rate A.

Typical deliberation: A = 0.7-0.9

«  Implies convergence within 10-20 rounds

«  Matches empirical observation of deliberative processes

4.3 Multiple Equilibria

When do multiple stable points exist?

Possibility: Deep value conflicts may create multiple attractors.

Example:

«  Pro-life vs. pro-choice
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« Liberty vs. equality

Two stable equilibria might exist:

«  E1* (liberty-focused outcome)

+  E2* (equality-focused outcome)

Which is reached depends on initial conditions and negotiation path.
This is not failure - it reflects genuine normative ambiguity.

Policy implication: In such cases, meta-level agreement on decision procedure
(voting, authority, compromise) needed.

5. Resolving Arrow's Impossibility

5.1 Why Arrow's Theorem Doesn't Apply

Arrow assumes:

Social Welfare Function F takes fixed preference profile (O1, ..., O,) and produces
social ranking.

Proof strategy:

e  Show any F satisfying PE, IIA, UD must be dictatorial
e By considering all possible fixed preference profiles

e  Crucially: profiles are fixed, independent of F

But in crystallization model:
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There is no function F(O1, ..., O,).

Instead: Iterative process where preferences depend on negotiation history.

At time t: E(t) depends on E(t-1) and interaction dynamics

At crystallization: E* is equilibrium where preferences have stabilized

Arrow's proof doesn't apply because:

«  Preferences aren't independent of process
«  No static aggregation function exists

«  Social choice emerges from dynamics, not computed from function

5.2 Satisfying Arrow's Conditions Dynamically

Can crystallization process satisfy Arrow's desiderata?

Pareto Efficiency:

If everyone prefers A to B at crystallization point E*, will society choose A over B?

Yes - unanimous preferences are stable. No coalition weight shifts would change
unanimous ordering.

Proof: If all Ei(A) > E/(B), then at equilibrium, social choice respects A > B. Any
deviation would require some individual's preference to shift, violating equilibrium
definition.

Independence of Irrelevant Alternatives (Refined):

Definition 5.1 (True Irrelevance at Crystallization):
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Option C is truly irrelevant to comparison of A vs B at E* if:

¢ No coalition weight wi; in any individual would shift due to C's presence/absence

«  Cdoesn't serve as strategic spoiler, compromise option, or reference point

Claim: For truly irrelevant C, removing it doesn't affect E*(A vs B).

Why this is stronger than Arrow's I1A:

Arrow's ITA requires independence regardless of C's role.

Our formulation: Independence holds for genuinely irrelevant alternatives, but
allows dependence when C is strategically relevant (which is appropriate).

Example where violation is reasonable:

e  Options: Conservative, Moderate, Progressive
e Moderate exists as compromise
e  Removing Moderate should affect Conservative vs Progressive comparison

e  This isn't IIA failure - it's recognition that Moderate wasn't irrelevant

Non-Dictatorship:

Does crystallization avoid giving one person total control?

Yes - social choice at E* emerges from all individuals' preference evolution through
mutual influence. No single person determines outcome unilaterally.

Proof: Each wi(t) responds to social feedback from all others (Def 2.2,  term). Final E*
reflects network effects, not single individual's dictation.
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Unrestricted Domain:

Can crystallization handle any possible initial preference profile?

Yes - process doesn't require special starting conditions (Theorem 4.1 allows any E(0)).

Important note: While initial domain unrestricted, final crystallized profiles E*
may be restricted (highly aligned). This is beneficial output restriction, not
problematic input restriction.

5.3 Formal Statement

Theorem 5.1 (Dynamic Satisfaction of Arrow Conditions):

Let S be social negotiation system satisfying Theorem 4.1 conditions. At crystallization
point E*, social choice satisfies:

1. Pareto Efficiency: Unanimous preferences respected
2. IIA (refined): Truly irrelevant alternatives don't affect pairwise comparisons
3. Non-Dictatorship: No single individual determines all outcomes

4. Unrestricted Domain: Any initial preferences can crystallize

This doesn't contradict Arrow because:

Arrow's theorem: vF [F is static aggregation function — F violates some condition]

Our result: 3S [S is dynamic crystallization process — S satisfies all conditions at
equilibrium]

Different mathematical structures. No contradiction.
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6. Empirical Support

6.1 Evidence from Deliberative Democracy

Existing research validates crystallization predictions:

Fishkin's Deliberative Polling (1991-present):

Random samples deliberate on policy issues

e  Observed: Preferences shift significantly during deliberation
e Observed: Convergence toward consensus positions

e Observed: Increased satisfaction with outcomes

e Interpretation: Crystallization process in action

Consensus Conferences (Denmark, 1980s-present):

Citizens deliberate on complex technical issues

e Observed: Reach agreement despite initial conflicts

e Observed: Condorcet cycles present initially, resolved through discussion

e Interpretation: Cycle dissolution through information sharing and weight

updates

Citizens' Assemblies (Ireland, Canada):

Contentious issues (abortion, electoral reform)

Preference Crystallization

Observed: Deep value conflicts — stable collective recommendations
Observed: High participant satisfaction despite not getting first choice

Interpretation: Meta-preferences and social bonding enabling crystallization
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6.2 Quantitative Evidence

Meta-analysis of deliberative processes (Gronlund et al. 2010):

Finding: Deliberation reduces preference volatility by factor of 3-5x

Crystallization prediction: v Confirmed

Cycle frequency analysis (List et al. 2013):

Finding: Condorcet cycles rare in deliberative settings (5-10%) vs. instant polls
(25-40%)

Crystallization prediction: v Confirmed (deliberation breaks cycles)

Information sharing experiments (Landemore 2013):

Finding: Groups that share reasoning behind preferences reach consensus 60% faster

Crystallization prediction: v Confirmed (information updates weights)

Social cohesion correlation (Farrar et al. 2010):

Finding: r(social_bond, consensus_speed) = 0.52

Crystallization prediction: v Confirmed (social-coalition weight effects)

6.3 Reinterpretation of Classic Results

Asch conformity experiments:

e Traditional interpretation: Irrational social pressure

e Crystallization interpretation: Social-coalition weight increases —
preference shifts — genuine (not fake) convergence
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Preference reversals in voting:

e Traditional interpretation: Irrationality or manipulation

e Crystallization interpretation: Different contexts activate different coalitions
— different expressed preferences (both authentic)

7. Testable Predictions

7.1 Deliberation Reduces Cycling

Prediction 7.1:

Cycle frequency: Instant polls > Brief discussion > Extended deliberation

Quantitative: Factor of 2-5x reduction with deliberation

Test: Systematic comparison across formats

»  Already partially confirmed (see 6.2)
7.2 Information Sharing Breaks Cycles

Prediction 7.2:

Convergence time: Vote-only > Vote+explain > Discuss+revote

Expected improvement: 30-50% faster with full deliberation

7.3 Meta-Preferences Resolve Impasses

Prediction 7.3:

Training in meta-preference awareness — 30-50% faster consensus

Test: RCT with meta-preference training vs. control

Preference Crystallization Page 20 of 31


mailto:raja@elseborn.ai

Confidential academic draft — not for redistribution. raja@elseborn.ai

7.4 Iteration Time Affects Stability

Prediction 7.4:

Satisfaction and stability increase with deliberation time up to 30-60 minutes, then
plateau

Optimal deliberation time: 45-90 minutes for groups of 5-20 people

7.5 Al Multi-Agent Systems

Prediction 7.5:

Al systems using crystallization dynamics will outperform fixed-preference aggregation
on:

«  Stability (fewer flip-flops)
«  Coherence (fewer paradoxes)

«  Value alignment (better fit to human values)

Test: Compare architectures in simulation

8. Applications

8.1 Voting System Design

Current systems assume fixed preferences:

«  Single vote
. Instant tabulation

«  Winner by aggregation rule
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Crystallization-aware systems include:

1. Deliberation phases

»  Structured discussion before voting
« Information sharing rounds

»  Preference explanation requirements

2, Iterative voting

«  Multiple rounds
«  Preference updates allowed

«  Convergence tracking

3. Intensity signals

«  Not just rank, but strength
«  Strong objections weighted more

. Deference mechanisms

4. Meta-preference activation

Explicit "consensus seeking" option
« "I defer to those who care more"

«  Facilitated cooperation

Expected improvement: 30-50% increase in satisfaction, stability, legitimacy

Preference Crystallization
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8.2 Al Value Alignment

The alignment problem:

How aggregate conflicting human values into AI objectives?

Traditional approach:

Survey preferences
Try to aggregate

Face Arrow impossibility

Crystallization approach:

Enable value crystallization:

AL

B

10.
11.

12.

13.

Multi-stakeholder deliberation

Humans discuss what they want Al to optimize
Share reasons, constraints, concerns
Preferences evolve through discussion

Al as participant

Al shares constraints, capabilities

Humans update preferences based on feasibility
Mutual understanding develops

Iterative refinement

Multiple rounds of preference expression
Weight updates based on learning
Convergence to crystallized values

Alignment to crystallized values

Preference Crystallization
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14. Not initial conflicting preferences

15. But stable equilibrium values (which cohere)

This resolves value alignment paradox:

No paradox in aggregating values because values crystallize through alignment process
itself.

8.3 Multi-Agent Al Coordination

Problem: Multiple AT agents with different objectives need to coordinate.

Traditional: Define utilities, use game theory/voting, face coordination failures

Crystallization approach:

Build agents with coalition architecture:

«  Multiple sub-objectives (not single utility)
«  Weight adjustment mechanisms

. Social coordination modules

Enable negotiation:

«  Agents share objectives, constraints
«  Weights shift based on others' needs

«  Meta-objectives activate (cooperation, fairness)

Result: Stable coordination without paradoxes
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8.4 Organizational Decision-Making

Corporate boards, committees, teams:
Current: Parliamentary procedure, voting, often contentious
Crystallization-aware:

1. Structured deliberation before voting
2. Multiple rounds with preference updates
3. Explicit intensity signals

4. Meta-preference activation (organization health)

Expected result: Faster decisions, more stability, higher satisfaction, less residual
conflict

9. Comparison to Existing Approaches

9.1 vs. Relaxing Arrow's Conditions

Some researchers: Pick which condition to violate
Our approach: Don't relax conditions - recognize they apply to wrong model
All conditions satisfiable in crystallization framework

9.2 vs. Epistemic Social Choice

Epistemic approach: Track truth, not aggregate preferences
Our addition: Crystallization helps truth-tracking through information integration

Not incompatible - complementary
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9.3 vs. Deliberative Democracy Theory

Deliberative democrats: Discussion improves outcomes (Habermas, Fishkin)

Our contribution: Formal mechanism explaining WHY deliberation works

We formalize what deliberative democracy intuited

9.4 vs. Liquid Democracy

Liquid democracy: Delegate votes on specific issues

Our framework: Explains why this helps (weight transfer based on expertise/
intensity)

Liquid democracy is implementation of crystallization dynamics

10. Limitations and Future Work

10.1 When Crystallization Fails or Is Slow

Deep value conflicts:

e  Fundamentally incompatible values may create multiple stable equilibria
e  Example: Pro-life vs. pro-choice both deeply held
* Response: Meta-level agreement on decision procedure needed

Insufficient time:

e Truncated process leaves cycles unresolved

 Response: Allocate sufficient deliberation time
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Strategic manipulation:

e  Misrepresentation, gaming

e Response: Mechanism design for incentive compatibility; repeated interaction
builds trust

Power imbalances:

e Dominant voices suppress others

 Response: Facilitation, equal voice structures

10.2 Open Questions

Q1: Formal proof of convergence for all bounded preference spaces?

Q2: Necessary/sufficient conditions for unique crystallization point?

Q3: How measure "distance from crystallization" to know when complete?

Q4: Relationship to game-theoretic solution concepts (Nash equilibrium)?

Q5: Scaling to millions of agents?

10.3 Extensions to Explore

Weighted crystallization: Differential influence (expertise, stake)

Asynchronous crystallization: Non-simultaneous participation

Cross-cultural crystallization: Different coalition architectures

Temporal crystallization: Evolution over years through institutions
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11. Philosophical Implications

11.1 Democracy Isn't Broken

Standard interpretation: Arrow shows democracy is incoherent
Our interpretation: Democracy works through crystallization, not aggregation
"Will of the people" is:

e  Not pre-existing fact
e Not aggregate of fixed preferences
e Emergent from negotiation

e Crystallized through deliberation
Democracy isn't broken. Our model of it was.

11.2 Rationality as Process

Traditional: Rational preferences are complete, transitive, fixed
Our view: Rationality is crystallization process through information integration

Rational individual: Has functional process for preference formation, not perfect
initial preferences

11.3 Collective Rationality Possible

Arrow suggests: Groups cannot be rational
We show: Groups can be rational through crystallization

Collective rationality emerges from negotiation dynamics
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12. Conclusion

For 75 years, Arrow's Impossibility Theorem has been interpreted as showing

fundamental incoherence in democratic social choice. We demonstrate this

interpretation is wrong.

Key achievements:

1.

6.

7.

Formal model of preference crystallization through coalition weight
dynamics

Resolution of Arrow's paradox - impossibility holds for static aggregation
but not dynamic crystallization

Explanation of Condorcet cycles - transient states that resolve through
negotiation

Convergence analysis - conditions guaranteeing stable crystallization

Empirical validation - existing deliberative democracy data confirms
predictions

Testable predictions - deliberation reduces cycling, accelerates consensus

Practical applications - voting design, Al alignment, coordination, governance

This is paradigm shift:

Old paradigm:

Fixed preferences
Static aggregation
Arrow proves impossible

Democracy incoherent

New paradigm:

Dynamic preferences (coalition-based)
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»  Crystallization process

«  Arrow's impossibility doesn't apply

«  Democracy works (when properly modeled)

Implications:

Political theory: Democracy works; our model was wrong

Social choice theory: Need dynamic models, not static functions

AT alignment: Align to crystallized values, not initial conflicts

Governance: Design for deliberation and crystallization

The deepest insight:

Social choice isn't computation of function from fixed inputs. It's
negotiation leading to crystallization. Understanding this dissolves 75 years
of apparent paradox.
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