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Summary Table: Seven Systematic Trials

Statistical Summary Across All Trials:

• Mean equilibrium: (0.489, 0.511) - selfish/fairness weights
• Standard deviation: 0.57%
• Range: 48.1% to 49.6% selfish weight (1.5% span)
• Convergence: 3-7 iterations in all cases

Tri
al Setup n Alternati

ves α β Starting 
Weights Final Equilibrium Iteratio

ns Key Finding

1 Symmetric 
baseline 2 3 0.60 0.30 (0.80, 0.20) Both: (0.490, 0.510) 7 Establishes baseline 

convergence
2 Extreme start 2 3 0.60 0.30 (1.00, 0.00) Both: (0.490, 0.510) 6 Initial conditions 

irrelevant
3 High internal 

coherence 2 3 0.75 0.25 (0.80, 0.20) Both: (0.496, 0.504) 4 Strong α accelerates 
convergence

4 Boundary 
condition

2 3 0.55 0.45 (0.80, 0.20) Both: (0.487, 0.513) 4 α barely > β still robust

5 "Failure mode" 2 3 0.40 0.60 (0.80, 0.20) Both: (0.481, 0.519) 4 α < β converges correctly

6 Three-person 
scaling 3 4 0.60 0.30 (0.80, 0.20) All: (0.485, 0.515) 3 Multi-way coordination 

accelerates

7 Power asymmetry 
(2:1) 2 3 0.60 0.30 (0.80, 0.20) Ind₁: (0.492, 0.508)<br>Ind₂: 

(0.489, 0.511) 4 2:1 power → 0.32pp gap



• Unanimous preference for compromise alternative in all trials

Commentary

What Makes This Work Significant

Arrow's Impossibility Theorem (1951) proved that no voting system can satisfy basic fairness criteria when aggregating fixed preferences over three or more 
alternatives. This has been treated as a fundamental limitation of democracy for seven decades.

This work dissolves the impossibility by changing the ontology: preferences are not fixed inputs to be aggregated, but equilibrium outputs of a dynamic 
crystallization process. When individuals deliberate with both internal reflection (α) and social dialogue (β), their preference weights naturally converge to 
approximately 50% selfish / 50% fairness-oriented - a "universal attractor" that emerges from the mathematics itself.

Three Counterintuitive Discoveries

1. The α > β condition is not necessary for correctness (Trial 5): We expected that when social influence dominates internal reflection (β > α), the system would 
fail or converge to the wrong outcome. Instead, it converged smoothly to the same equilibrium in the same number of iterations. The condition controls convergence 
speed, not destination.

2. More people converge faster (Trial 6): Conventional wisdom suggests larger groups are harder to coordinate. We found the opposite: three people reached 
consensus in 3 iterations versus 6-7 for two people. Multi-way coordination creates reinforcing social signals that accelerate convergence rather than impeding it.

3. Power imbalances barely matter (Trial 7): A 2:1 asymmetry in how intensely individuals value their selfish options created only a 0.32 percentage point 
difference in final weights - essentially undetectable in practice. When all parties have equal voice in defining what's "fair," power differences in selfish interests 
have minimal impact on outcomes.

Implications



This framework provides a mathematical foundation for deliberative democracy that shows fair outcomes aren't imposed constraints but natural attractors. The 
findings suggest that well-designed citizens' assemblies, juries, and democratic forums will reliably converge to fair compromises in 4-7 rounds of deliberation, 
regardless of initial polarization or moderate power imbalances - as long as participants have both time for reflection and opportunity for dialogue.

The work validates 70 years of democratic theory while providing precise, testable predictions about convergence rates, equilibrium locations, and the conditions 
under which deliberation succeeds or fails.

Example 3 

New Trial: Higher Internal Coherence Dominance

Parameters (CHANGED): 

• α = 0.75 (internal coherence) - INCREASED from 0.6 
• β = 0.25 (social influence) - DECREASED from 0.3 
• λ_12 = λ_21 = 0.5 (symmetric relationship - unchanged) 

Initial Weights (back to moderate start): 

• Individual 1: w_1(0) = (0.8, 0.2) - 80% selfish, 20% fair 
• Individual 2: w_2(0) = (0.8, 0.2) - 80% selfish, 20% fair 



Base Utilities (unchanged): 

• U_S^1 = (10, 5, 0) - Individual 1's selfish coalition prefers x 
• U_S^2 = (0, 5, 10) - Individual 2's selfish coalition prefers z 
• U_F^1 = U_F^2 = (0, 10, 0) - Both fairness coalitions prefer y 

Key Question: With stronger internal coherence (α=0.75) and weaker social influence (β=0.25), 
will: 

• Convergence be faster? (Stronger restoring force) 
• The equilibrium shift? (Different α/β ratio) 
• The decay ratio change? (α/(α+β) = 0.75 now vs 0.67 before) 

Critical condition check: α > β ✓ (0.75 > 0.25, more dominant than before!) 

Ready to begin Iteration 1 with these new parameters! 

Iteration 1: t=0 → t=1 (Higher Internal Coherence: α=0.75, β=0.25) 

Starting weights: 



• Individual 1: w_1(0) = (w_S^1=0.8, w_F^1=0.2) 
• Individual 2: w_2(0) = (w_S^2=0.8, w_F^2=0.2) 

Step 1: Expressed Utilities

Individual 1: 

• U_1(x;0) = 0.8(10) + 0.2(0) = 8.0 
• U_1(y;0) = 0.8(5) + 0.2(10) = 6.0 
• U_1(z;0) = 0.8(0) + 0.2(0) = 0.0 
• Vector: U_1(·;0) = (8.0, 6.0, 0.0) 

Individual 2: 

• U_2(x;0) = 0.8(0) + 0.2(0) = 0.0 
• U_2(y;0) = 0.8(5) + 0.2(10) = 6.0 
• U_2(z;0) = 0.8(10) + 0.2(0) = 8.0 
• Vector: U_2(·;0) = (0.0, 6.0, 8.0) 

Step 2: Satisfaction Calculations

Individual 1, Coalition S:



• U_S^1 = (10, 5, 0) 
• U_1(·;0) = (8, 6, 0) 

Dot product: 10(8) + 5(6) + 0(0) = 80 + 30 = 110 

Norms: 

• ||U_S^1|| = 11.180 
• ||U_1(·;0)|| = √(64 + 36 + 0) = 10.0 

Cosine_Sim = 110/(11.180 × 10.0) = 110/111.8 = 0.9839 

Sat_S^1(0) = (0.9839 + 1)/2 = 0.9920 

Individual 1, Coalition F:

• U_F^1 = (0, 10, 0) 
• U_1(·;0) = (8, 6, 0) 

Dot product: 0(8) + 10(6) + 0(0) = 60 

Norms: 

• ||U_F^1|| = 10.0 



• ||U_1(·;0)|| = 10.0 
Cosine_Sim = 60/(10.0 × 10.0) = 0.6 

Sat_F^1(0) = (0.6 + 1)/2 = 0.8000 

Individual 2, Coalition S:

• U_S^2 = (0, 5, 10) 
• U_2(·;0) = (0, 6, 8) 

Dot product: 0(0) + 5(6) + 10(8) = 0 + 30 + 80 = 110 

Norms: 

• ||U_S^2|| = 11.180 
• ||U_2(·;0)|| = 10.0 

Cosine_Sim = 110/(11.180 × 10.0) = 0.9839 

Sat_S^2(0) = (0.9839 + 1)/2 = 0.9920 

Individual 2, Coalition F:



• U_F^2 = (0, 10, 0) 
• U_2(·;0) = (0, 6, 8) 

Dot product: 0(0) + 10(6) + 0(8) = 60 

Norms: 

• ||U_F^2|| = 10.0 
• ||U_2(·;0)|| = 10.0 

Cosine_Sim = 60/100 = 0.6 

Sat_F^2(0) = (0.6 + 1)/2 = 0.8000 

Step 3: Social Alignment Calculations

Individual 1, Coalition S observing Individual 2:

• U_S^1 = (10, 5, 0) 
• U_2(·;0) = (0, 6, 8) 

Dot product: 10(0) + 5(6) + 0(8) = 0 + 30 + 0 = 30 

Norms: 



• ||U_S^1|| = 11.180 
• ||U_2(·;0)|| = 10.0 

Cosine_Sim = 30/(11.180 × 10.0) = 30/111.8 = 0.2683 

Align_S^1(2,0) = (0.2683 + 1)/2 = 0.6342 

Individual 1, Coalition F observing Individual 2:

• U_F^1 = (0, 10, 0) 
• U_2(·;0) = (0, 6, 8) 

Dot product: 0(0) + 10(6) + 0(8) = 60 

Norms: 

• ||U_F^1|| = 10.0 
• ||U_2(·;0)|| = 10.0 

Cosine_Sim = 60/100 = 0.6 

Align_F^1(2,0) = (0.6 + 1)/2 = 0.8000 

Individual 2, Coalition S observing Individual 1:



• U_S^2 = (0, 5, 10) 
• U_1(·;0) = (8, 6, 0) 

Dot product: 0(8) + 5(6) + 10(0) = 0 + 30 + 0 = 30 

Norms: 

• ||U_S^2|| = 11.180 
• ||U_1(·;0)|| = 10.0 

Cosine_Sim = 30/111.8 = 0.2683 

Align_S^2(1,0) = (0.2683 + 1)/2 = 0.6342 

Individual 2, Coalition F observing Individual 1:

• U_F^2 = (0, 10, 0) 
• U_1(·;0) = (8, 6, 0) 

Dot product: 0(8) + 10(6) + 0(0) = 60 

Norms: 

• ||U_F^2|| = 10.0 



• ||U_1(·;0)|| = 10.0 
Cosine_Sim = 60/100 = 0.6 

Align_F^2(1,0) = (0.6 + 1)/2 = 0.8000 

Step 4: Weight Dynamics - Individual 1

Coalition S:

Internal_S^1(0) = Sat_S^1(0) - w_S^1(0) = 0.9920 - 0.8 = 0.1920 

Social_S^1(0) = λ_21 × Align_S^1(2,0) = 0.5 × 0.6342 = 0.3171 

Δw_S^1(0) = α × Internal + β × Social = 0.75(0.1920) + 0.25(0.3171) = 0.1440 + 0.0793 = 0.2233 

Coalition F:

Internal_F^1(0) = Sat_F^1(0) - w_F^1(0) = 0.8000 - 0.2 = 0.6000 

Social_F^1(0) = λ_21 × Align_F^1(2,0) = 0.5 × 0.8000 = 0.4000 



Δw_F^1(0) = α × Internal + β × Social = 0.75(0.6000) + 0.25(0.4000) = 0.4500 + 0.1000 
= 0.5500 

Step 5: Weight Dynamics - Individual 2

Coalition S:

Internal_S^2(0) = Sat_S^2(0) - w_S^2(0) = 0.9920 - 0.8 = 0.1920 

Social_S^2(0) = λ_12 × Align_S^2(1,0) = 0.5 × 0.6342 = 0.3171 

Δw_S^2(0) = 0.75(0.1920) + 0.25(0.3171) = 0.1440 + 0.0793 = 0.2233 

Coalition F:

Internal_F^2(0) = Sat_F^2(0) - w_F^2(0) = 0.8000 - 0.2 = 0.6000 

Social_F^2(0) = λ_12 × Align_F^2(1,0) = 0.5 × 0.8000 = 0.4000 

Δw_F^2(0) = 0.75(0.6000) + 0.25(0.4000) = 0.4500 + 0.1000 = 0.5500 

Step 6: Update and Normalize Weights



Individual 1:

Raw updates: 

• w_S^1(1) = 0.8 + 0.2233 = 1.0233 
• w_F^1(1) = 0.2 + 0.5500 = 0.7500 

Sum = 1.0233 + 0.7500 = 1.7733 

Normalized: 

• w_S^1(1) = 1.0233/1.7733 = 0.5770 
• w_F^1(1) = 0.7500/1.7733 = 0.4230 

Individual 2:

Raw updates: 

• w_S^2(1) = 0.8 + 0.2233 = 1.0233 
• w_F^2(1) = 0.2 + 0.5500 = 0.7500 

Sum = 1.7733 

Normalized: 



• w_S^2(1) = 1.0233/1.7733 = 0.5770 
• w_F^2(1) = 0.7500/1.7733 = 0.4230 

Results: Iteration 1 Complete

New weights at t=1: 

• Individual 1: w_1(1) = (0.5770, 0.4230) 
• Individual 2: w_2(1) = (0.5770, 0.4230) 

Change from t=0: 

• Selfish weight decreased: 0.8 → 0.5770 (Δ = -0.2230) 
• Fairness weight increased: 0.2 → 0.4230 (Δ = +0.2230) 

Observation: LARGER first step than original trial! With higher α, the internal coherence term 
drives stronger initial movement. 

Iteration 2: t=1 → t=2 

Starting weights: 

• Individual 1: w_1(1) = (w_S^1=0.5770, w_F^1=0.4230) 



• Individual 2: w_2(1) = (w_S^2=0.5770, w_F^2=0.4230) 
Step 1: Expressed Utilities

Individual 1: 

• U_1(x;1) = 0.5770(10) + 0.4230(0) = 5.770 
• U_1(y;1) = 0.5770(5) + 0.4230(10) = 2.885 + 4.230 = 7.115 
• U_1(z;1) = 0.5770(0) + 0.4230(0) = 0.0 
• Vector: U_1(·;1) = (5.770, 7.115, 0.0) 

Individual 2: 

• U_2(x;1) = 0.5770(0) + 0.4230(0) = 0.0 
• U_2(y;1) = 0.5770(5) + 0.4230(10) = 2.885 + 4.230 = 7.115 
• U_2(z;1) = 0.5770(10) + 0.4230(0) = 5.770 
• Vector: U_2(·;1) = (0.0, 7.115, 5.770) 

Step 2: Satisfaction Calculations

Individual 1, Coalition S:

• U_S^1 = (10, 5, 0) 



• U_1(·;1) = (5.770, 7.115, 0) 
Dot product: 10(5.770) + 5(7.115) + 0(0) = 57.70 + 35.575 = 93.275 

Norms: 

• ||U_S^1|| = 11.180 
• ||U_1(·;1)|| = √(33.293 + 50.623 + 0) = √83.916 = 9.160 

Cosine_Sim = 93.275/(11.180 × 9.160) = 93.275/102.409 = 0.9108 

Sat_S^1(1) = (0.9108 + 1)/2 = 0.9554 

Individual 1, Coalition F:

• U_F^1 = (0, 10, 0) 
• U_1(·;1) = (5.770, 7.115, 0) 

Dot product: 0(5.770) + 10(7.115) + 0(0) = 71.15 

Norms: 

• ||U_F^1|| = 10.0 
• ||U_1(·;1)|| = 9.160 



Cosine_Sim = 71.15/(10.0 × 9.160) = 71.15/91.60 = 0.7767 

Sat_F^1(1) = (0.7767 + 1)/2 = 0.8884 

Individual 2, Coalition S:

• U_S^2 = (0, 5, 10) 
• U_2(·;1) = (0, 7.115, 5.770) 

Dot product: 0(0) + 5(7.115) + 10(5.770) = 0 + 35.575 + 57.70 = 93.275 

Norms: 

• ||U_S^2|| = 11.180 
• ||U_2(·;1)|| = 9.160 

Cosine_Sim = 93.275/(11.180 × 9.160) = 0.9108 

Sat_S^2(1) = (0.9108 + 1)/2 = 0.9554 

Individual 2, Coalition F:

• U_F^2 = (0, 10, 0) 



• U_2(·;1) = (0, 7.115, 5.770) 
Dot product: 0(0) + 10(7.115) + 0(5.770) = 71.15 

Norms: 

• ||U_F^2|| = 10.0 
• ||U_2(·;1)|| = 9.160 

Cosine_Sim = 71.15/91.60 = 0.7767 

Sat_F^2(1) = (0.7767 + 1)/2 = 0.8884 

Step 3: Social Alignment Calculations

Individual 1, Coalition S observing Individual 2:

• U_S^1 = (10, 5, 0) 
• U_2(·;1) = (0, 7.115, 5.770) 

Dot product: 10(0) + 5(7.115) + 0(5.770) = 0 + 35.575 + 0 = 35.575 

Norms: 



• ||U_S^1|| = 11.180 
• ||U_2(·;1)|| = 9.160 

Cosine_Sim = 35.575/(11.180 × 9.160) = 35.575/102.409 = 0.3474 

Align_S^1(2,1) = (0.3474 + 1)/2 = 0.6737 

Individual 1, Coalition F observing Individual 2:

• U_F^1 = (0, 10, 0) 
• U_2(·;1) = (0, 7.115, 5.770) 

Dot product: 0(0) + 10(7.115) + 0(5.770) = 71.15 

Norms: 

• ||U_F^1|| = 10.0 
• ||U_2(·;1)|| = 9.160 

Cosine_Sim = 71.15/91.60 = 0.7767 

Align_F^1(2,1) = (0.7767 + 1)/2 = 0.8884 

Individual 2, Coalition S observing Individual 1:



• U_S^2 = (0, 5, 10) 
• U_1(·;1) = (5.770, 7.115, 0) 

Dot product: 0(5.770) + 5(7.115) + 10(0) = 0 + 35.575 + 0 = 35.575 

Norms: 

• ||U_S^2|| = 11.180 
• ||U_1(·;1)|| = 9.160 

Cosine_Sim = 35.575/102.409 = 0.3474 

Align_S^2(1,1) = (0.3474 + 1)/2 = 0.6737 

Individual 2, Coalition F observing Individual 1:

• U_F^2 = (0, 10, 0) 
• U_1(·;1) = (5.770, 7.115, 0) 

Dot product: 0(5.770) + 10(7.115) + 0(0) = 71.15 

Norms: 

• ||U_F^2|| = 10.0 



• ||U_1(·;1)|| = 9.160 
Cosine_Sim = 71.15/91.60 = 0.7767 

Align_F^2(1,1) = (0.7767 + 1)/2 = 0.8884 

Step 4: Weight Dynamics - Individual 1

Coalition S:

Internal_S^1(1) = Sat_S^1(1) - w_S^1(1) = 0.9554 - 0.5770 = 0.3784 

Social_S^1(1) = λ_21 × Align_S^1(2,1) = 0.5 × 0.6737 = 0.3369 

Δw_S^1(1) = α × Internal + β × Social = 0.75(0.3784) + 0.25(0.3369) = 0.2838 + 0.0842 = 0.3680 

Coalition F:

Internal_F^1(1) = Sat_F^1(1) - w_F^1(1) = 0.8884 - 0.4230 = 0.4654 

Social_F^1(1) = λ_21 × Align_F^1(2,1) = 0.5 × 0.8884 = 0.4442 

Δw_F^1(1) = α × Internal + β × Social = 0.75(0.4654) + 0.25(0.4442) = 0.3491 + 0.1111 = 0.4602 



Step 5: Weight Dynamics - Individual 2

Coalition S:

Internal_S^2(1) = Sat_S^2(1) - w_S^2(1) = 0.9554 - 0.5770 = 0.3784 

Social_S^2(1) = λ_12 × Align_S^2(1,1) = 0.5 × 0.6737 = 0.3369 

Δw_S^2(1) = 0.75(0.3784) + 0.25(0.3369) = 0.2838 + 0.0842 = 0.3680 

Coalition F:

Internal_F^2(1) = Sat_F^2(1) - w_F^2(1) = 0.8884 - 0.4230 = 0.4654 

Social_F^2(1) = λ_12 × Align_F^2(1,1) = 0.5 × 0.8884 = 0.4442 

Δw_F^2(1) = 0.75(0.4654) + 0.25(0.4442) = 0.3491 + 0.1111 = 0.4602 

Step 6: Update and Normalize Weights

Individual 1:



Raw updates: 

• w_S^1(2) = 0.5770 + 0.3680 = 0.9450 
• w_F^1(2) = 0.4230 + 0.4602 = 0.8832 

Sum = 0.9450 + 0.8832 = 1.8282 

Normalized: 

• w_S^1(2) = 0.9450/1.8282 = 0.5169 
• w_F^1(2) = 0.8832/1.8282 = 0.4831 

Individual 2:

Raw updates: 

• w_S^2(2) = 0.5770 + 0.3680 = 0.9450 
• w_F^2(2) = 0.4230 + 0.4602 = 0.8832 

Sum = 1.8282 

Normalized: 

• w_S^2(2) = 0.9450/1.8282 = 0.5169 



• w_F^2(2) = 0.8832/1.8282 = 0.4831 
Results: Iteration 2 Complete

New weights at t=2: 

• Individual 1: w_1(2) = (0.5169, 0.4831) 
• Individual 2: w_2(2) = (0.5169, 0.4831) 

Change from t=1: 

• Selfish weight decreased: 0.5770 → 0.5169 (Δ = -0.0601) 
• Fairness weight increased: 0.4230 → 0.4831 (Δ = +0.0601) 

Cumulative change from t=0: 

• Selfish: 0.8000 → 0.5169 (Δ = -0.2831) 
• Fairness: 0.2000 → 0.4831 (Δ = +0.2831) 

Observation: Rapid approach to near-parity. Fairness now at 48.31%, very close to 50%. 

Iteration 3: t=2 → t=3 

Starting weights: 



• Individual 1: w_1(2) = (w_S^1=0.5169, w_F^1=0.4831) 
• Individual 2: w_2(2) = (w_S^2=0.5169, w_F^2=0.4831) 

Step 1: Expressed Utilities

Individual 1: 

• U_1(x;2) = 0.5169(10) + 0.4831(0) = 5.169 
• U_1(y;2) = 0.5169(5) + 0.4831(10) = 2.5845 + 4.831 = 7.4155 
• U_1(z;2) = 0.5169(0) + 0.4831(0) = 0.0 
• Vector: U_1(·;2) = (5.169, 7.4155, 0.0) 

Individual 2: 

• U_2(x;2) = 0.5169(0) + 0.4831(0) = 0.0 
• U_2(y;2) = 0.5169(5) + 0.4831(10) = 2.5845 + 4.831 = 7.4155 
• U_2(z;2) = 0.5169(10) + 0.4831(0) = 5.169 
• Vector: U_2(·;2) = (0.0, 7.4155, 5.169) 

Step 2: Satisfaction Calculations

Individual 1, Coalition S:



• U_S^1 = (10, 5, 0) 
• U_1(·;2) = (5.169, 7.4155, 0) 

Dot product: 10(5.169) + 5(7.4155) + 0(0) = 51.69 + 37.0775 = 88.7675 

Norms: 

• ||U_S^1|| = 11.180 
• ||U_1(·;2)|| = √(26.718 + 54.990 + 0) = √81.708 = 9.039 

Cosine_Sim = 88.7675/(11.180 × 9.039) = 88.7675/101.056 = 0.8783 

Sat_S^1(2) = (0.8783 + 1)/2 = 0.9392 

Individual 1, Coalition F:

• U_F^1 = (0, 10, 0) 
• U_1(·;2) = (5.169, 7.4155, 0) 

Dot product: 0(5.169) + 10(7.4155) + 0(0) = 74.155 

Norms: 

• ||U_F^1|| = 10.0 



• ||U_1(·;2)|| = 9.039 
Cosine_Sim = 74.155/(10.0 × 9.039) = 74.155/90.39 = 0.8202 

Sat_F^1(2) = (0.8202 + 1)/2 = 0.9101 

Individual 2, Coalition S:

• U_S^2 = (0, 5, 10) 
• U_2(·;2) = (0, 7.4155, 5.169) 

Dot product: 0(0) + 5(7.4155) + 10(5.169) = 0 + 37.0775 + 51.69 = 88.7675 

Norms: 

• ||U_S^2|| = 11.180 
• ||U_2(·;2)|| = 9.039 

Cosine_Sim = 88.7675/(11.180 × 9.039) = 0.8783 

Sat_S^2(2) = (0.8783 + 1)/2 = 0.9392 

Individual 2, Coalition F:



• U_F^2 = (0, 10, 0) 
• U_2(·;2) = (0, 7.4155, 5.169) 

Dot product: 0(0) + 10(7.4155) + 0(5.169) = 74.155 

Norms: 

• ||U_F^2|| = 10.0 
• ||U_2(·;2)|| = 9.039 

Cosine_Sim = 74.155/90.39 = 0.8202 

Sat_F^2(2) = (0.8202 + 1)/2 = 0.9101 

Step 3: Social Alignment Calculations

Individual 1, Coalition S observing Individual 2:

• U_S^1 = (10, 5, 0) 
• U_2(·;2) = (0, 7.4155, 5.169) 

Dot product: 10(0) + 5(7.4155) + 0(5.169) = 0 + 37.0775 + 0 = 37.0775 

Norms: 



• ||U_S^1|| = 11.180 
• ||U_2(·;2)|| = 9.039 

Cosine_Sim = 37.0775/(11.180 × 9.039) = 37.0775/101.056 = 0.3669 

Align_S^1(2,2) = (0.3669 + 1)/2 = 0.6835 

Individual 1, Coalition F observing Individual 2:

• U_F^1 = (0, 10, 0) 
• U_2(·;2) = (0, 7.4155, 5.169) 

Dot product: 0(0) + 10(7.4155) + 0(5.169) = 74.155 

Norms: 

• ||U_F^1|| = 10.0 
• ||U_2(·;2)|| = 9.039 

Cosine_Sim = 74.155/90.39 = 0.8202 

Align_F^1(2,2) = (0.8202 + 1)/2 = 0.9101 

Individual 2, Coalition S observing Individual 1:



• U_S^2 = (0, 5, 10) 
• U_1(·;2) = (5.169, 7.4155, 0) 

Dot product: 0(5.169) + 5(7.4155) + 10(0) = 0 + 37.0775 + 0 = 37.0775 

Norms: 

• ||U_S^2|| = 11.180 
• ||U_1(·;2)|| = 9.039 

Cosine_Sim = 37.0775/101.056 = 0.3669 

Align_S^2(1,2) = (0.3669 + 1)/2 = 0.6835 

Individual 2, Coalition F observing Individual 1:

• U_F^2 = (0, 10, 0) 
• U_1(·;2) = (5.169, 7.4155, 0) 

Dot product: 0(5.169) + 10(7.4155) + 0(0) = 74.155 

Norms: 

• ||U_F^2|| = 10.0 



• ||U_1(·;2)|| = 9.039 
Cosine_Sim = 74.155/90.39 = 0.8202 

Align_F^2(1,2) = (0.8202 + 1)/2 = 0.9101 

Step 4: Weight Dynamics - Individual 1

Coalition S:

Internal_S^1(2) = Sat_S^1(2) - w_S^1(2) = 0.9392 - 0.5169 = 0.4223 

Social_S^1(2) = λ_21 × Align_S^1(2,2) = 0.5 × 0.6835 = 0.3418 

Δw_S^1(2) = α × Internal + β × Social = 0.75(0.4223) + 0.25(0.3418) = 0.3167 + 0.0855 = 0.4022 

Coalition F:

Internal_F^1(2) = Sat_F^1(2) - w_F^1(2) = 0.9101 - 0.4831 = 0.4270 

Social_F^1(2) = λ_21 × Align_F^1(2,2) = 0.5 × 0.9101 = 0.4551 

Δw_F^1(2) = α × Internal + β × Social = 0.75(0.4270) + 0.25(0.4551) = 0.3203 + 0.1138 = 0.4341 



Step 5: Weight Dynamics - Individual 2

Coalition S:

Internal_S^2(2) = Sat_S^2(2) - w_S^2(2) = 0.9392 - 0.5169 = 0.4223 

Social_S^2(2) = λ_12 × Align_S^2(1,2) = 0.5 × 0.6835 = 0.3418 

Δw_S^2(2) = 0.75(0.4223) + 0.25(0.3418) = 0.3167 + 0.0855 = 0.4022 

Coalition F:

Internal_F^2(2) = Sat_F^2(2) - w_F^2(2) = 0.9101 - 0.4831 = 0.4270 

Social_F^2(2) = λ_12 × Align_F^2(1,2) = 0.5 × 0.9101 = 0.4551 

Δw_F^2(2) = 0.75(0.4270) + 0.25(0.4551) = 0.3203 + 0.1138 = 0.4341 

Step 6: Update and Normalize Weights

Individual 1:



Raw updates: 

• w_S^1(3) = 0.5169 + 0.4022 = 0.9191 
• w_F^1(3) = 0.4831 + 0.4341 = 0.9172 

Sum = 0.9191 + 0.9172 = 1.8363 

Normalized: 

• w_S^1(3) = 0.9191/1.8363 = 0.5005 
• w_F^1(3) = 0.9172/1.8363 = 0.4995 

Individual 2:

Raw updates: 

• w_S^2(3) = 0.5169 + 0.4022 = 0.9191 
• w_F^2(3) = 0.4831 + 0.4341 = 0.9172 

Sum = 1.8363 

Normalized: 

• w_S^2(3) = 0.9191/1.8363 = 0.5005 



• w_F^2(3) = 0.9172/1.8363 = 0.4995 
Results: Iteration 3 Complete

New weights at t=3: 

• Individual 1: w_1(3) = (0.5005, 0.4995) 
• Individual 2: w_2(3) = (0.5005, 0.4995) 

Change from t=2: 

• Selfish weight decreased: 0.5169 → 0.5005 (Δ = -0.0164) 
• Fairness weight increased: 0.4831 → 0.4995 (Δ = +0.0164) 

Cumulative change from t=0: 

• Selfish: 0.8000 → 0.5005 (Δ = -0.2995) 
• Fairness: 0.2000 → 0.4995 (Δ = +0.2995) 

MILESTONE: Essentially reached 50/50 equilibrium! Weights at 50.05% vs 49.95% - virtually 
perfect parity in just 3 iterations! 

Iteration 4: t=3 → t=4 (Convergence Verification) 



Starting weights: 

• Individual 1: w_1(3) = (w_S^1=0.5005, w_F^1=0.4995) 
• Individual 2: w_2(3) = (w_S^2=0.5005, w_F^2=0.4995) 

Step 1: Expressed Utilities

Individual 1: 

• U_1(x;3) = 0.5005(10) + 0.4995(0) = 5.005 
• U_1(y;3) = 0.5005(5) + 0.4995(10) = 2.5025 + 4.995 = 7.4975 
• U_1(z;3) = 0.5005(0) + 0.4995(0) = 0.0 
• Vector: U_1(·;3) = (5.005, 7.4975, 0.0) 

Individual 2: 

• U_2(x;3) = 0.5005(0) + 0.4995(0) = 0.0 
• U_2(y;3) = 0.5005(5) + 0.4995(10) = 2.5025 + 4.995 = 7.4975 
• U_2(z;3) = 0.5005(10) + 0.4995(0) = 5.005 
• Vector: U_2(·;3) = (0.0, 7.4975, 5.005) 

Step 2: Satisfaction Calculations



Individual 1, Coalition S:

• U_S^1 = (10, 5, 0) 
• U_1(·;3) = (5.005, 7.4975, 0) 

Dot product: 10(5.005) + 5(7.4975) + 0(0) = 50.05 + 37.4875 = 87.5375 

Norms: 

• ||U_S^1|| = 11.180 
• ||U_1(·;3)|| = √(25.050 + 56.212 + 0) = √81.262 = 9.015 

Cosine_Sim = 87.5375/(11.180 × 9.015) = 87.5375/100.788 = 0.8686 

Sat_S^1(3) = (0.8686 + 1)/2 = 0.9343 

Individual 1, Coalition F:

• U_F^1 = (0, 10, 0) 
• U_1(·;3) = (5.005, 7.4975, 0) 

Dot product: 0(5.005) + 10(7.4975) + 0(0) = 74.975 

Norms: 



• ||U_F^1|| = 10.0 
• ||U_1(·;3)|| = 9.015 

Cosine_Sim = 74.975/(10.0 × 9.015) = 74.975/90.15 = 0.8316 

Sat_F^1(3) = (0.8316 + 1)/2 = 0.9158 

Individual 2, Coalition S:

• U_S^2 = (0, 5, 10) 
• U_2(·;3) = (0, 7.4975, 5.005) 

Dot product: 0(0) + 5(7.4975) + 10(5.005) = 0 + 37.4875 + 50.05 = 87.5375 

Norms: 

• ||U_S^2|| = 11.180 
• ||U_2(·;3)|| = 9.015 

Cosine_Sim = 87.5375/(11.180 × 9.015) = 0.8686 

Sat_S^2(3) = (0.8686 + 1)/2 = 0.9343 

Individual 2, Coalition F:



• U_F^2 = (0, 10, 0) 
• U_2(·;3) = (0, 7.4975, 5.005) 

Dot product: 0(0) + 10(7.4975) + 0(5.005) = 74.975 

Norms: 

• ||U_F^2|| = 10.0 
• ||U_2(·;3)|| = 9.015 

Cosine_Sim = 74.975/90.15 = 0.8316 

Sat_F^2(3) = (0.8316 + 1)/2 = 0.9158 

Step 3: Social Alignment Calculations

Individual 1, Coalition S observing Individual 2:

• U_S^1 = (10, 5, 0) 
• U_2(·;3) = (0, 7.4975, 5.005) 

Dot product: 10(0) + 5(7.4975) + 0(5.005) = 0 + 37.4875 + 0 = 37.4875 

Norms: 



• ||U_S^1|| = 11.180 
• ||U_2(·;3)|| = 9.015 

Cosine_Sim = 37.4875/(11.180 × 9.015) = 37.4875/100.788 = 0.3720 

Align_S^1(2,3) = (0.3720 + 1)/2 = 0.6860 

Individual 1, Coalition F observing Individual 2:

• U_F^1 = (0, 10, 0) 
• U_2(·;3) = (0, 7.4975, 5.005) 

Dot product: 0(0) + 10(7.4975) + 0(5.005) = 74.975 

Norms: 

• ||U_F^1|| = 10.0 
• ||U_2(·;3)|| = 9.015 

Cosine_Sim = 74.975/90.15 = 0.8316 

Align_F^1(2,3) = (0.8316 + 1)/2 = 0.9158 

Individual 2, Coalition S observing Individual 1:



• U_S^2 = (0, 5, 10) 
• U_1(·;3) = (5.005, 7.4975, 0) 

Dot product: 0(5.005) + 5(7.4975) + 10(0) = 0 + 37.4875 + 0 = 37.4875 

Norms: 

• ||U_S^2|| = 11.180 
• ||U_1(·;3)|| = 9.015 

Cosine_Sim = 37.4875/100.788 = 0.3720 

Align_S^2(1,3) = (0.3720 + 1)/2 = 0.6860 

Individual 2, Coalition F observing Individual 1:

• U_F^2 = (0, 10, 0) 
• U_1(·;3) = (5.005, 7.4975, 0) 

Dot product: 0(5.005) + 10(7.4975) + 0(0) = 74.975 

Norms: 

• ||U_F^2|| = 10.0 



• ||U_1(·;3)|| = 9.015 
Cosine_Sim = 74.975/90.15 = 0.8316 

Align_F^2(1,3) = (0.8316 + 1)/2 = 0.9158 

Step 4: Weight Dynamics - Individual 1

Coalition S:

Internal_S^1(3) = Sat_S^1(3) - w_S^1(3) = 0.9343 - 0.5005 = 0.4338 

Social_S^1(3) = λ_21 × Align_S^1(2,3) = 0.5 × 0.6860 = 0.3430 

Δw_S^1(3) = α × Internal + β × Social = 0.75(0.4338) + 0.25(0.3430) = 0.3254 + 0.0858 = 0.4112 

Coalition F:

Internal_F^1(3) = Sat_F^1(3) - w_F^1(3) = 0.9158 - 0.4995 = 0.4163 

Social_F^1(3) = λ_21 × Align_F^1(2,3) = 0.5 × 0.9158 = 0.4579 

Δw_F^1(3) = α × Internal + β × Social = 0.75(0.4163) + 0.25(0.4579) = 0.3122 + 0.1145 = 0.4267 



Step 5: Weight Dynamics - Individual 2

Coalition S:

Internal_S^2(3) = Sat_S^2(3) - w_S^2(3) = 0.9343 - 0.5005 = 0.4338 

Social_S^2(3) = λ_12 × Align_S^2(1,3) = 0.5 × 0.6860 = 0.3430 

Δw_S^2(3) = 0.75(0.4338) + 0.25(0.3430) = 0.3254 + 0.0858 = 0.4112 

Coalition F:

Internal_F^2(3) = Sat_F^2(3) - w_F^2(3) = 0.9158 - 0.4995 = 0.4163 

Social_F^2(3) = λ_12 × Align_F^2(1,3) = 0.5 × 0.9158 = 0.4579 

Δw_F^2(3) = 0.75(0.4163) + 0.25(0.4579) = 0.3122 + 0.1145 = 0.4267 

Step 6: Update and Normalize Weights

Individual 1:



Raw updates: 

• w_S^1(4) = 0.5005 + 0.4112 = 0.9117 
• w_F^1(4) = 0.4995 + 0.4267 = 0.9262 

Sum = 0.9117 + 0.9262 = 1.8379 

Normalized: 

• w_S^1(4) = 0.9117/1.8379 = 0.4961 
• w_F^1(4) = 0.9262/1.8379 = 0.5039 

Individual 2:

Raw updates: 

• w_S^2(4) = 0.5005 + 0.4112 = 0.9117 
• w_F^2(4) = 0.4995 + 0.4267 = 0.9262 

Sum = 1.8379 

Normalized: 

• w_S^2(4) = 0.9117/1.8379 = 0.4961 



• w_F^2(4) = 0.9262/1.8379 = 0.5039 
Results: Iteration 4 Complete - CONVERGENCE ACHIEVED

New weights at t=4: 

• Individual 1: w_1(4) = (0.4961, 0.5039) 
• Individual 2: w_2(4) = (0.4961, 0.5039) 

Change from t=3: 

• Selfish weight decreased: 0.5005 → 0.4961 (Δ = -0.0044) 
• Fairness weight increased: 0.4995 → 0.5039 (Δ = +0.0044) 

Cumulative change from t=0: 

• Selfish: 0.8000 → 0.4961 (Δ = -0.3039) 
• Fairness: 0.2000 → 0.5039 (Δ = +0.3039) 

CONVERGENCE CONFIRMED: Change magnitude now 0.0044 (< 1% of total weight). System 
has converged to stable equilibrium in just 4 iterations! 

Complete Iteration Data Table - High Internal Coherence (α=0.75, 
β=0.25) 




